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$a$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ $\Leftrightarrow f(X)=X-a$ $\mathrm{m}\mathrm{o}\mathrm{d} p$
, $f(X)$ monic –
.
, Artin – $(\mathrm{R}.\mathrm{T}\mathrm{a}\mathrm{k}\mathrm{e}\mathrm{u}\mathrm{C}\mathrm{h}\mathrm{i}[6])$ .
Notation 1 $p$ $P$ , $S$ natural density
. ,
$S(x):=\{p\in S|p\leq x\}$ (counting set), $\pi(x):=\#^{\mathrm{p}()\sim X}X/\log x$ ( ),
$\delta(S):=\lim_{xarrow\infty}(\# s(X)/\pi(X))$ (natural density)
. , $f(X)\in \mathbb{Z}[X]$ monic ,
$\mathrm{S}\mathrm{p}1(f):=$ { $p\in P|f(X)\mathrm{m}\mathrm{o}\mathrm{d} P$ – },
$N_{f}:=$ { $p\in \mathrm{S}\mathrm{P}1(f)|\exists a\in \mathrm{F}_{p}^{\mathrm{x}},$ $f(a)\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p)\wedge a$ mod $P$ }.
, .
Artin $N_{f}$ ,
$f$ , $N_{f}$ . , $f(X)\mathrm{m}\mathrm{o}\mathrm{d} P$ $\deg f$
, $p\in \mathrm{S}\mathrm{p}1(f)$ .
$\mathrm{H}.\mathrm{W}$ .Lenstra, Jr. [2] .
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, $\deg f=1$ original Artin , $\mathrm{C}.\mathrm{H}_{\circ\circ}1\mathrm{e}\mathrm{y}[1]$
– Riemann (GRH ) counting function
$\# N_{f}(X)$ , $X+1,$ $X-a^{2}$ ( $-1$ , )
( , Artin ) . , $\deg f>1$
, , $f(X)=X^{2}-m,$ $x^{3}-m$
GRH .
Theorem 1. GRH , $f(X)=X^{2}-m$ $X^{2}+$
$1,$ $X^{2}+4k^{4},$ $X^{2}+27k^{6}$ , $f(X)=X^{3}-m$ $X^{3}$ -
$k^{2},$ $X^{\mathrm{s}_{+}}3k^{2}$ . , $k\in \mathrm{N}$ .
, $f(X)=X^{2}-m,$ $x^{3}-m$ GRH (
, Kummer Dedekind’szeta Riemann )
$N_{f}(x)$ explicit Corollary .
,
Notation 2 Artin’s constant
$C:= \sum_{=n1}^{\infty}\frac{\mu(n)}{n\varphi(n)}=\prod_{\in pP}(1-\frac{1}{p(p-1)})=0.37395\cdots$
( $\mu$ :M\"obius , $\varphi$ : Euler ).
, $m\in \mathbb{Z}$ , $m$ square-free part $[m]’$ ,




Theorem 2. $f(X)=X2-m$ , GRH ,
$\# N_{f}(x)=\delta(N_{f})\cdot\pi(x)+o(\frac{x\log\log x}{\log^{2}x})$
$\delta(N_{f})$ ,
(A) $[m]’\equiv 1$ (mod 4) , $\delta(N_{f})=\frac{3}{4}Um(1+V_{m})\cross C$ ,
(B) $[m]’\equiv 2$ (mod 4) , $\delta(N_{f})=\frac{3}{4}U_{m^{\mathrm{X}C}}$ ,
(C) $[m]’\equiv 3$ (mod 4) , $k\in \mathbb{Z}$
(C-1) $m\neq-l$ &m\neq -4k4 , $\delta(N_{f})=\frac{3}{4}U_{m}(1-\frac{1}{3}Vm)\cross C$ ,
(C-2) $m=-1$ or $m=-4k^{4}$ , $\delta(N_{f})=0$ .




(A) $[m]’\equiv 1$ (mod 4) ,
(A-1) $[m]’\neq-3$ , $\delta(N_{f})=\frac{8}{45}U_{m}(1-vm)\cross c$,
(A-2) $[m]’=-3$ , $\delta(N_{f})=0$ ,
(B) $[m]’\not\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} \mathit{4})$ , $\delta(N_{f})=\frac{8}{45}Um\cross C$ .
1.2 Hooley’s method
, Hooley original Artin
. , $a\in \mathbb{Z}$ $-1$
. , $w$ density .
$W:=$ { $p\in P|a\mathrm{m}\mathrm{o}\mathrm{d} p$ }.
$W$ $f(X)=X-a$ $N_{f}$ . , index
$r(a,p):=\{$
[$\mathrm{F}_{p}^{\cross}$ : $\langle$a $\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{P}\rangle$ ] (if $a\neq 0$ in $\mathrm{F}_{p}$)
$\infty$ (if $a=0$ in $\mathrm{F}_{p}$)
, $r(a,p)=1\Leftrightarrow \mathrm{F}_{p}^{\mathrm{x}}=\langle a\rangle\Leftrightarrow a\mathrm{m}\mathrm{o}\mathrm{d} p$ , .
, $r(a,p)=\infty$ $p$ .
, $a\mathrm{m}\mathrm{o}\mathrm{d} p$ , $l$ $r(a,p)$
, $W_{\mathrm{t}}$ $l$ $r(a,p)$ $P$ , $W= \bigcap_{l\in \mathcal{P}}Wl$
. $\zeta\iota$ 1 $l$ , $W_{l}$ $\mathrm{f}\mathrm{i}=\mathbb{Q}$( $\zeta_{l},\iota\sqrt$a)
.
$p\not\in W_{l}\Leftrightarrow p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} \iota)\ a^{()/\downarrow 1}p-1\equiv(\mathrm{m}\mathrm{o}\mathrm{d} p)$
(1)
$\Leftrightarrow p$ $F_{l}/\mathbb{Q}$
$-\mathrm{c}_{\overline{\text{ }\mathrm{c}}}^{\prime \text{ }\mathrm{g}}\not\in$ .
Chebotarev’s density theorem , $\delta(W_{l})=1-[F_{l} : \mathbb{Q}]^{-1}$ , $\forall n\in \mathbb{N}$
(2)
$\delta(\bigcap_{|n}W\iota_{l}\in \mathcal{P}\iota)=\sum_{d|n}\frac{\mu(d)}{[F_{d}\cdot \mathbb{Q}]}.\cdot$
, . $F_{d}$ $l$ $d$ . (2)
, $narrow\infty$ , Chebotarev’s density theorem




, GRH Chebotarev’s density theorem
effectine version .
, $\delta(W)$ , explicit , $[F_{d} : \mathbb{Q}]$
, (3) Euler product expansion . , $\delta(W)$ explicit
.
1.3 Outline of proof
Hooley , $\# N_{f}(X)$ , prime ideal
.
Notation 3. $K$ , $\mathcal{O}_{K}$ $K$ , $\gamma\in \mathcal{O}_{K}$ $M\in \mathbb{N}$ .
$B_{\gamma}(K, x, M):=\{\mathfrak{p}|\mathfrak{p}\#\mathrm{h}KC)p\equiv 1(\mathrm{m}\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{a}1N_{K}/\mathrm{o}\mathrm{d}M),\gamma^{\text{ }}\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}^{\text{ }}\backslash i_{\mathrm{Q}}\mathrm{A}7\mathrm{B}=\mathbb{Q}(\mathfrak{p})p\leq x,$ $\}$ .
, $\# B_{\gamma}(K, X, M)$ , L.Murata .
Theorem 4 $(\mathrm{M}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{a}[3])$ . $k\in \mathbb{N}$ square-free ,
$G_{k,M}:=K(\zeta_{k}, \zeta M, \sqrt[k]{\gamma})$ .
GRH ,
(4) $\# B_{\gamma}(K, X, M)=(_{k}\sum_{=1}^{\infty}\frac{\mu(k)}{[G_{k,M}.K]}.\mathrm{I}.$ $\pi(x)+O(\frac{x\log 1\mathrm{o}\mathrm{g}.x}{\log^{2}x})$ .
Theorem 4 , sub-section Hooley
parallel . , $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}4$
, $\# N_{f}(x)$ , 3 Step .
Step 1. $\# N_{f(X)}$ $\# B$, $(K, x, M)$ .
Step 2. $\# B_{\gamma}(K, X, M)$ (4) , $[G_{k,M} : K]$ .
Step 3. $\sum_{k=1}^{\infty}$ $(\mu(k)/[G_{k,M} : K])$ Euler product expansion .
, $f(X)=x^{2}-m$ , $K=\mathbb{Q}(\sqrt{m}),$ $\gamma=\sqrt{m}$ , $f(X)=$
$X^{3}-m$ , $K=\mathbb{Q}(\sqrt[3]{m}, \zeta 3),$ $\gamma=\sqrt[8]{m}$ .
147
2. Proof of theorems
2.1 Step 1
, , $f(X)=x^{t}-m$
( , $m\neq-1$ ). , Proposition
([3] ).
$t$ $p_{1}^{a_{1}}\cdots p_{r’}^{a}$ , $t_{0}=p_{1}\cdots p_{r}$ . , $d|t$
$K_{d}=\mathbb{Q}(d\sqrt{m}, \zeta t_{\text{ }})$ . , $N_{f}(x)$ $B_{\sqrt[\iota]{m}}(K_{t}, x, t)$
Proposition .
Proposition 1.
$\mathfrak{P}\in B_{\sqrt[t]{m}(}^{\cdot}K_{\iota},$ $X,$ $t)\Rightarrow N_{K_{t/\mathbb{Q}(}}\mathfrak{P})=p\in N_{f(X})$
, $N_{f}(x)$ $K_{t}$
, $B_{\sqrt{m}^{t}}(K_{t}, x, t)$ $N_{f}(x)$
. , $p\in N_{f}(x)$ , $K_{t}/\mathbb{Q}$ ideal
, $B_{\sqrt[l]{m}(K_{t},x,t)}$ ,
Proposition .
Proposition 2. $p\in N_{f}(x)$ $K_{t}/\mathbb{Q}$ ideal , $B_{\sqrt[t]{m}}(K_{t}, x, t)$
,
$\varphi(t_{0})\cdot[K_{t} : K_{1}]\cdot\frac{\varphi(\tilde{p})}{\tilde{p}}$
, $\tilde{p}=p_{1P_{r’}}^{d\ldots d}1,$ $d_{i}=\{$
1(if $(p-1)/t\not\equiv \mathrm{O}(\mathrm{m}\mathrm{o}\mathrm{d} p_{i})$ )
.
$0$ (if $(p-1)/t\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p_{i})$ )
, $\tilde{P}$ $N_{f}(x)$ , $B_{\sqrt[t]{m}}(K_{t}, x, t)$
. , $\tilde{P}$ $N_{f}(x)$ . $t_{0}$
$d$ ,
$F_{f}(x, d):=\{p\in N_{f}(X)|\tilde{p}=d\}$
, $N_{f}(x)= \bigcup_{d|t\mathrm{o}^{F_{f}}}(x,d)$ , disjoint union ,
(5)
$\# N_{f}(x)=\sum_{td|0}\# F_{f}(x, d)$
.
$N_{f}(x)$ ,
$A_{\sqrt[l]{m}}(K_{\iota}, x, d):=\{\mathfrak{P}\in Bt\sqrt{m}(Kt, x,t)|NKt/\mathbb{Q}(\mathfrak{P})=p,\tilde{p}=d\}$
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, Proposition 2 ,
(6) $\# A_{\sqrt[t]{m}}(K_{t}, x, d)=\varphi(t_{0})\cdot[K_{t}:K1]\cdot\frac{\varphi(d)}{d}\cdot\# Ff(X, d)$
. $A_{\sqrt[t]{m}}(K_{t}, X, d)$ $\mathfrak{P}$ $N_{K_{t/\mathbb{Q}}}(\mathfrak{P})=p$ $\tilde{p}=d$ , Proposi-
tion 2 $p_{i}^{1-d_{i}}|(p-1)/t$ , $t_{0}/d=p_{1}^{1-d_{1}}\cdots p_{r}^{1-}d_{f}$ , $t_{0}/d|(p-$
$1)/t$ , $P\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} t\cdot t_{0}/d)$ . , $B_{\sqrt{m}^{t}}(K_{t}, x, t)$
$B_{\sqrt[t]{m}}(Kt, X, t\cdot t0/d)$ . , $\forall s|d$ $B_{\sqrt[t]{m}(K_{t},X,t}$ .
$t_{0}/d)\supset B_{\sqrt[\iota]{m}}(K_{t}, x, t\cdot t_{0}/s)\supset A_{\sqrt[t]{m}}(K_{t}, x, s)$ . , $B_{\sqrt[t]{m}}(Kt, X, t\cdot t0/d)$
, $N_{K_{t/\mathbb{Q}(}}\mathfrak{P}$) $=_{P}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} t\cdot t_{0}/d)$ , $t_{0}/d|(p-1)/t$ $\tilde{P}|d$
. , $\exists s|d$ , $A_{\sqrt[\iota]{m}}(K_{t}, x, s)$ .
,
$B_{\sqrt[t]{m}}(K_{t,0/d)=\bigcup_{S|}A_{\sqrt{m}}}x,$$t\cdot tdt(K_{t},X, S)$
, disjoint union ,
$\# B_{\sqrt[t]{m}}(K_{t}, x,t\cdot t_{0}/d)=\sum\# At\sqrt{m}(Kt, xs|d’)s$
.
$d$ , $s$ M\"obius ,
(7)
$\# A_{\sqrt[l]{m}}(K_{t}, x, d)=\sum\mu(S)\cdot\# Bt(\sqrt{m}K_{t}, x, t\cdot t_{0^{S}}/d)s|d$
. (5), (6) $,(7)$
. , $\# N_{f}(X)$ $\# B_{\sqrt[t]{m}}$ ( $K_{t},$ $X,$ $t\cdot$ to$s/d$)
Proposition .
Proposition 3.
$\# N_{f}(X)=\frac{1}{\varphi(t_{0})\cdot[K_{t}\cdot K_{1}]}.\sum d|t\mathrm{o}\frac{d}{\varphi(d)}\{\sum_{S|d}\mu(S)\cdot\# B\sqrt[t]{m}(K_{t},x,$ $t \cdot\frac{t_{0}s}{d})\}$
2.2 Step 2, 3for $f(X)=X^{2}-m$
, $f(X)=X2-m$ Step 2, 3 GRH . $t=2$
, $t_{0}=2,$ $K_{t}=\mathbb{Q}(\sqrt{m})$ Proposition 3 , $m\neq-1$ ,
(8) $\# N_{f}(X)=\# B\sqrt{m}(\mathbb{Q}(\sqrt{m}), x, 2)-\frac{1}{2}\# B_{\sqrt{m}}(\mathbb{Q}(\sqrt{m}), x, \mathit{4})$ .
, Theorem 4 , $M=2,\mathit{4}$ $g(k, M):=[G_{k,M} : \mathbb{Q}(\sqrt{m})]$
$\sum_{k=1}^{\infty}(\mu(k)/g(k, M))$ Euler product expansion .
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2.2.1 Computation of $g(k, 2)$
$g(k, M)$ 2 Lemma .










Proof. cf. P.D.T.A Elliot : Acta Arith., 13 (1967) pp.133 Lemma 2
Lemma 2. $m\neq-1$ ,
$[\mathbb{Q}(\sqrt[n]{m}) : \mathbb{Q}]=$ $(_{0\mathrm{t}\mathrm{h}}\mathrm{e}\mathrm{r}\mathrm{W}\mathrm{i}\mathrm{s}\mathrm{e}(\mathrm{i}\mathrm{f}\mathit{4}|n\ m)=-4k^{4}(k\in \mathbb{N}))$
Proof. cf. : , pp.211





$g(k, 2)=[\mathbb{Q}(2k\sqrt{m}, \zeta_{k}) : \mathbb{Q}(\sqrt{m})]$
$(\mathrm{b})(|$
$\mathbb{Q}(\sqrt{m}, \zeta_{k})$ . , Lemma 1 ,
$\mathbb{Q}(\sqrt{m})(\mathrm{a}/\sim)$
$2(|\mathbb{Q}$
$(\mathrm{a})$$=$, $g(k, 2)=(\mathrm{a})\cross(\mathrm{b})$ .
, Lemma 2 ,
$(\mathrm{b})=$ $(\mathrm{i}\mathrm{f}(_{0}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{W}\mathrm{i}^{\ }\mathrm{s}\mathrm{e}2|km)=-\mathit{4}k^{4}(k\in \mathrm{N}))$
, ,
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22.2 Euler product expansion of $\sum(\mu(k)/g(k, 2))$
Euler , Lemma .
Lemma 3. $h\in \mathbb{N}$ . , $w:\mathrm{N}arrow \mathbb{Q}$
$w(k):= \frac{\mu(k)(h,k)}{k\varphi(k)}$
, $\sum w(k)$ ,
$\sum_{k=1}^{\infty}w(k)=\prod_{p|h}(1-\frac{1}{p-1})\square p|h(1-\frac{1}{p(p-1)})$









$= \prod_{p|h}(1-\frac{1}{p-1})\prod_{hp|}(1-\frac{1}{p(p-1)})$ $[ \cdot\cdot\cdot J=\prod_{\in pP(x)}p,$ $xarrow\infty]$





Lemma 3 Proposition 4 , $\sum_{k=1}^{\infty}(\mu(k)/g(k, 2))$ Euler
.




















, $g(k, \mathit{4})$ $\sum(\mu(k)/g(k, \mathit{4}))$ Euler
, (8) $\delta(N_{f})$ .
223 Case $m=-1$
, $m=-1$ case . $f(X)=X^{2}+1$
, $p\in\dot{N}_{f}(x)\Leftrightarrow r(-1,p)=2$ , $N_{f}=\{2\}$ ( , $\# N_{f}<$
$\infty,$ $\delta(N_{f})=0)$ $X^{2}+1$ .






Mertents’s Theorem , $e$ , $E$ Euler’s constant ,
$0< \frac{1}{2}\prod_{p3\leq\leq x}(1-\frac{1}{p-1})<\prod_{p\leq x}(1-\frac{1}{p})=\frac{e^{-E}}{\log x}+O(\frac{1}{\log^{2}x})$
, $xarrow\infty$
$\sum_{1_{\wedge-}}^{\infty},$ $\frac{\mu(k)}{g(k,2)}=0$
. factor , Euler product $0$ $X^{2}-m$




$= \{1+\prod_{p|h_{m}}\frac{-1}{p-2}p|2p|\square \frac{-1}{p^{2}-p-1}\}p|2h_{m}\cross U_{m}\cross C$
$=0\cross U_{m}\cross C=0$ $[\cdot.\cdot 2\{h_{m}]$
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1 factor $0$ .
, Theorem 2 . , Theorem 3
, $f(X)=x^{t}-m$ (
) $\delta(N_{f})$ .
Theorem 2, 3 $\delta(N_{f})=0$ ,
( GRH , [6] ) ,
Theorem 1 .
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